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Overview

* Project Goal

* Implement parallelization on
Discontinuous Galerkin Method (DG-FEM)

* scaled on existing supercomputers



* Mathematics behind



Discontinuous Galerkin Method (DG-FEM)

* Discontinuous Galerkin Method (DG-FEM)

— A class of Finite Element Method (FEM)

— Finding approximate solutions to
system of differential equations




Example: Solving Heat Equation (1D)

* 1D Poisson’s Equation on domain I = |a, b|

—_—

rr
—UuU = f u: test function (to be solved)

u(a) =ulb) =0

N —



Example: Solving Heat Equation (1D)

u: test function (to be solved)

 Multiply by an arbitrary trial function v
(satisfying v(a) = v(b) = 0)

—u'v—frv=20

* Integration (Strong-form)

~fu"—[fv=0



Example: 1D Finite Element Method

u: test function (to be solved) v : trial function (our choice)

* Suppose v is continuous over [, integration by parts

Juv' +[uv],— | fv=0

* Obtain Weak-form of Finite Element Method (FEM)

Juv' — | fr=0



Example: 1D FEM — Basis Functions

u: test function (to be solved) v : trial function (our choice)

(FEM)

e Choose continuous basis functions @ over [
to approximate u

 Example: Hat function (Linear)

shape of a hat function



Example: 1D FEM — Basis Functions

u: test function (to be solved) v : trial function (our choice)

(FEM)

e Choose 1 to be the the basis functions ¢

. linear combination of




Example: 1D DG-FEM

u: test function (to be solved) v : trial function (our choice)

* Suppose v is discontinuous on Xx;

(1) x;": start of the “left” interval I;

_|_ —
U(IZ)

+ x; : start of the “right” interval [;_,

X0 x1 X2 X3

* |ntegration by parts on each interval
_fu"V :_ijl.ullv :Zj(fl_u,v,)_zj' [UIU];C]:-I-l )
J J

J



Example: 1D DG-FEM

u: test function (to be solved) v : trial function (our choice)

- Wl = Z ' (x () —u (i )v(xn,)  Jumps oninternal nodes
J J
= WD) WG o
+ u' (e )v () —u' (g )v ()
+ u' (7 )v(x;) —u'(xz)vlxs)

X0

=u'(x3) + z (u'(xf )v(xf) —u' (x5 )v(x;)) — u' (x3)v(x3)

Iinterior]

node-oriented

w'vth from
nterval-oriented
o



Example: 1D DG-FEM

u: test function (to be solved) v : trial function (our choice)

X0 3

11 U1)
x;": start of the “left” interval I;
x; : start of the “right” interval [;_,
VAVEE

* Non-zero jumps at interior nodes
e Transfer intervals information between intervals
e Discontinuous Galerkin Methods



Example: 1D DG-FEM

u: test function (to be solved) v : trial function (our choice)
* Recall our Jumps and rewrite £.1: Average of jump
[u!”]:ﬂj = {u'};[v]; + [w]{v}; | - | : Difference of jump
\—'—I
0

e Define Bilinear Function

=Nz, j=N+1 N+l
oww)= 3 [ w3 (whl @l )4y Y o)
ij x jZO W jZO [j‘

symmetric term

penalty term

* Construct Stiffness Matrix from a(u, v)



Example: 1D DG-FEM — Basis Functions

u: test function (to be solved) v : trial function (our choice)

* Choose basis function ¢ to approximate u
— Example: Linear Lagrange polynomial

(In) Yo
K

©oU, = gl
e span(o®)

. ﬁ,gh): to be solved




Example: 1D DG-FEM — Basis Functions

u, =y alme 0'"to be solved  w: trial function (our choice)
u € span(o) vV =7a

* Also choose vto be ¢

e Stiffness Matrix from a(u, v)=> from a(qb{ku}, ¢{kv})

(Io) (I1) (I2)
(1o) ’ v 0 ~ (To)
0 s N N uO
Uy
N ) U y
(I1) - N ~ (1)
0 Uy _
~ (1) o
Y i,
N
(I2) 5U2)
0 0,




Example: 1D DG-FEM

0 Info within Interval
(11) 11
1 " /

- p
(1) Info within Interval

0 I,

N
VAN

— Each block contains basis functions interaction w.r.t intervals
— Diagonal blocks: within an interval

— Sub-diagonal blocks: adjacent intervals

— Others: ZEROS (non-adjacent intervals)



Example: 1D DG-FEM

~

/

u, =yl v: trial function (our choice)
u € span(o) vV =q
4
W]y, = {u'};[v]; + [w{v} 0 xj+: start of the “left” interval Ij
- %\(“I(Ij ) “f(xi))} (27 ) Wﬂ”} x; : start of the “right” interval [;_,
Y \
L + + 1 + — Lo - + Lo - —
U (2 )v(z) — EH([BJ Ju(z;) + U (2 )v(z) — U (2 )v(z;)
I(++Il II+_II II_+II II__II

U
1 u + u +
1% v, B
_I_ UV T u u
lj—1 lj [i_4 l; [i_4 ; [i_q lj
JCj xj xf xj



Example: 1D DG-FEM

Example




Example: 1D DG-FEM — Correctness

u: test function (to be solved) v : trial function (our choice)

{ - }:Average of jump
* Recall Original Equation -] Difference of jump

_fullv — _ijljuuv _

D wvy=) v
Y j

* Bilinear Function: terms added

=N 2. j=N+1 N+L
owv)= 3 [ w3 (Wl @y )+ Y el
i—0 X, i—0 N, e’ i=0 [j

symmetric term

penalty term



Example: 1D DG-FEM — Correctness

u: test function (to be solved) v : trial function (our choice)
j=N g, | N+
a(u,,’u)—jZO/xj u' ‘ [v];+ {v'}]ul; )—l—f}/;[—j_u_j_v_j

symmetric term

penalty term

* Symmetric term

— Added for the matrix to be symmetric

* Penalty term

— Added for the matrix to be positive-definite



Example: 1D DG-FEM — Correctness

u: test function (to be solved) v : trial function (our choice)

: _|_ U! u)_|_r}/ —— 1l vl
--j uu ; [j"v}- -J

symmetric term

penalty term

* Show stiffness matrix postive-definite

— Show ,
a(u,v) > Auyp® Yu e Vy

* Vj: DG Finite Element Space  uy j,: well-defined norm



Example: 1D DG-FEM — Correctness

u: test function (to be solved) v : trial function (our choice)

Show a(u,v) > A uljhg Vu € Vp

* V},: DG Finite Element Space  u, ,: well-defined norm

e 1. Define uin= ( u!IjQ T Z (v }jg i+ Z Il u jg) §
. I ~J

Ij’ Ij

- can be shown well-defined.




Example: 1D DG-FEM — Correctness

u: test function (to be solved) v : trial function (our choice)

Show a(u,v) > A uljhg Vu € Vp

* 2. Important Inequalities usead

— Trace Inequality

()
/ vids < cH ™! UQ2 + cH VQ2
oS

— Trace Inequality (1D)

.
v(a)® +v(b)* < cH 'v/2+cHV i I | I

 H:Length of Interval a b




Example: 1D DG-FEM — Correctness

u: test function (to be solved) v : trial function (our choice)

Show a(u,v) > A uljhg Vu € Vp

* 2. Important Inequalities usead

— |nverse Inequality

12 _
U < cl 2’&]2

— Trace + Inverse: can show that

1
Z{Uf}j ul; < 10 Z uwp, "+ % Z T ul;°
I I I



Example: 1D DG-FEM — Correctness

u: test function (to be solved) v : trial function (our choice)

.}' J

> ()



Example: 1D DG-FEM — Correctness

u: test function (to be solved) v : trial function (our choice)
j=N .z j=N+1 N+
au0) = 3 [ s > (Wwhlelt @ty )+ 3 il

symmetric term

penalty term

* Choice of y

— As long as it is large enough
— Dependent on degree of basis functions



Example: 1D DG-FEM

Tri-diagonal Matrix

Symmetric
Positive Definite
Sparse

-K
k
f \




1D Parallelization



1D Parallelization: Why

@ H ig h e r a CC u ra Cy L Error norm of u; against interval size

0.03
Approximation of u;, using number of cells=2, 4, 8, 16, 32, 64
¥
/
15 L 1 | | 1.5 i I_."
0.025 |- / -
1 : 1 - -'
* . /
0.5 05 . /
DT 1 i | i ﬂ‘ 1 L L L /
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 08 1 0.02 -
15 | /
1 _* 4 /
e
0.5 " 0.015 .
- /
ﬂ-. i i i I
0 0.2 0.4 06 0.8 1 /
15 /
1 . .y | 0.01} }g -
05} T /
0 02 04 06 08 1 0.005 L / _
() Aot - | | | |
0 0.1 0.2 03 04 05

..leads to larger matrix (and cost)



1D Parallelization(1): Matrix Construction

 Observe: each interval/node contributes to
a local matrix

=N 2, j=N+1 NtL
_ [ ] / "] / -] N
a(u,v) = E :/ U E : ({u pilvlj+ v hilul; )+’7 E : TN
J=0 ’ J=0 symmetric term J=0
penalty term
B, (Io) (I1) I I
Step 3.1. [ WY o o (() 2) é 2)
C 400 —400 | 0.00 0.00 0.00 0.00 0.00 0.00
—400 400 | 0.00 0.00 0.00 0.00 0.00 0.00
Local matrices 0.00 0.00 [ 400 —400 ) 0.00 0.00 0.00 0.00
( 400 _4_00) 0.00 0.00 | —400 400 | 0.0 0.00 0.00 0.00
—4.00  4.00 0.00 0.00 0.00 000 [ 400 —400)| 000 0.00
0.00 0.00 0.00 0.00 | —400 400 | 0.0 0.00
0.00 0.00 0.00 0.00 0.00 000 [ 400 —400
0.00 0.00 0.00 0.00 0.00 0.00 | —4.00  4.00

. J/




1D Parallelization(1): Matrix Construction

Observe: each interval/node contributes to
a local matrix

a(u,v) = / u'v'+ ({U!}j :U:j"|" {U!}j :U:j )+’7 —:u:j:U:j
i x i D et i [j‘

penalty term

Step 3.2. {u'}{v]| + {vf}[u] (Ip) (I1) (I2) (I2)
0

Local matrices

(_2_88 g_gg) 600 | —2.00 0.00 \ 0.00 0.00 0.00 0.00

- - —400 | 400 —2.00| 0.0 0.00 0.00 0.00

000 2.00 —2.00 0.00 400 (=400 400 -200 000) 000 0.0

2.00 —4.00 4.00 —2.00 200 | 400 —400 400 —200| 0.00 0.00
—2.00 4.00 —4.00 2.00 0.00 | -2.00 400 (=400 400 —200  0.00)
0.00 —2.00 2.00 0.00 0.00 | 000  —200 | 400  —4.00 400 —200

( 100 40 0) 0.00 0.00 0.00 | —2.00 400 [ —400  6.00

400 —8.00

0.00 0.00 0.00 \0.00 —2.00 6.00 —8.00/
%




1D Parallelization(1): Matrix Construction

 Observe: each interval/node contributes to
a local matrix

a(u,v) = / u'v'+ ({U!}j :U:j"|" {U!}j :U:j )+’7 —:u:j:U:j
i x i D et i [j‘

symmetric term

penalty term

1] (Io) (I1) (I5) (1)
0

Local matrices

_._H.
1

_
/2000  0.00 0.00 0.00 \  0.00 0.00 0.00 0.00

0.00 2000 ) —20.00  0.00 0.00  0.00 0.00 0.00
0.00 —20.00 (2000  0.00 0.00 000 ) 0.00 0.00

L 0.00 0.00 000 2000 —20.00 000 0.00 0.00
0.00 0.00 000 —20.00 (2000 000 0.00 0.00 )

0.00 0.00 \0'00 0.00 0.00 20.00  —20.00 0.00
4 N
0.00 0.00 0.00 0.00 0.00 —20.00;  20.00 0.00

0.00 0.00 0.00 0.00 KO.OO 0.00 0.00 20.00/

J

(*000  000)

N

0.00 0.00 0.00 0.00
0.00 20.00 —20.00 0.00

0.00 —-20.00 20.00 0.00
0.00 0.00 0.00  0.00

(000 2000)




1D Parallelization(1): Matrix Construction

* Algorithm

® 1. Initialization: for each processor, receive information of P cells

Cell matrices
400 —4.00 | 0.00 0.00 0.00 0.00 0.00 0.00 |
e e {—4.00 4.00 } 0.00 0.00 0.00 0.00 0.00 0.00
) lLocal Matrix Construction
° 0.00 0.00 [—4.00 4.00 } 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 400 - 0 0.00
0.00 0.00 0.00 0.00 | —4.00 4.0 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 400  —4.00
0.00 0.00 0.00 0.00 0.00 0.00 { —4.00  4.00 }

Processor matrices

for each processor
for each of P cells, calculate the cell matrix

Calculate the processor matrix E e on = oo
SRR R
3. Global Matrix Construction o0 0w 0w ooo \3:88 o | s fa%”j_/
for root processor - ~
receive information from other processors Assembly
calculate the global matrix (assembly) done by
MPI

\ /




1D Parallelization(1): Matrix Construction

* MPI Commands: Assembly

* Processors:

MP| Send(pointerToProcessorMatrix, size, MPl DOUBLE,
root, senderlD, MPI COMM WORLD);
Root Processors:

MP| Recv(pointerToProcessorMatrix, size, MPl DOUBLE,
senderlID, tag, MPI COMM WORLD, &status);



1D Parallelization(1): Matrix Construction

e After Global Matrix Construction

* Solve linear system

 Cprogramming: dgesv on LAPACK
e LU factorization: dense matrix solver

LAPACK dgesv
dense matrix solver

Assembly

—)

Cell Matrices - N

. ) Global Matrix Solution

Processor Matrices



1D Parallelization(1): Matrix Construction

* Overall Matrix Construction Time No. of Cells: 5,000,000

Degree of freedom: 2

decreases with number of processors

hWatrx Construction Time agains Mo, of Frocessors No. of Procs Time (s)
[ ' ' ' ' ' ' 1 7.60062
i ' 2 4.136565
°T - 4 2.22328s
’T : 3 1.34502s
Time {s) 4} - 16 0.67569s
3 h - 32 0.3637/6s
Zr - 64 0.17482s
Tr _
* {(( 77
D[] ’WIEI EIE] E:I[] 4IEI EID EI[] i il Can We do b etter ?

No. of Processors



1D Parallelization(2): Linear System Solver

* Parallelize the linear system solving process

e AztecOO on Trilinos

 Each processor has access to global rows
AztecOO on Trilinos

— ! | =) ) | )
{ % \ / —> —> >
: : ‘ ‘ - . ‘
Cell Matrices g h | | Solution
. y I Global Matrix l I

Processor Matrices
Access to Global Rows



1D Parallelization(2): Linear System Solver

e Trilinos Commands

1. Define rows owned by each processor

Epetra Map map(GlobalNumberOfRows, LocalNumberOfRows,
GloballndicesOfRows, index, comm);

2. Send rows to global matrix position

InsertGlobalValues(GloballndexOfRows, NumOfEntries,
ValueOfEntries, GlobalColumnindices),

3. Create solver

X = new Epetra_Vector(map);

problem = new Epetra_LinearProblem(GlobalMatrix, x, RHSvector),
AztecOO solver(*problem);
solver.lterate(MaxNoOflterations, Tolerance);



1D Parallelization(2): Linear System Solver

* 4, Set solver parameters

e Solvers

* Direct (for dense matrix) or Iterative (for sparse matrix)
* [U GMRES, CG...

e Pre-conditioners

* Jacobi, sparse LU factorization, ...
* ML Library (Algebraic Multigrid Preconditioning)

* Large sparse linear system!

More Linear Algebra




1D Parallelization(2): Linear System Solver

 AztecOO Commands
* solver.SetAztecOption(AZ solver, SolverType);

o solver.SetAztecOption(AZ precond, PreCondiType),

* ML preconditioner Commands

* ML Epetra::MultiLevelPreconditioner*™ MLPrec =
new ML Epetra:: MultiLevelPreconditioner
(GlobalMatrixPointer, Teuchos::ParameterList MLList, true);

 solver.SetPrecOperator(MLPrec)



1D Parallelization: Overview

Serial: LAPACK
Parallel: Scal APACK

Senal:
[APACK on MPI

Serial:
Global Matrix ‘

Parallel:

|l ocal Matrices ‘

Preconditioner

ML
Library



1D Parallelization(2): More

* More Linear Algebra:
Check performance of different parameters

:
5 |CG zolver tme

Y

10 11lu 794772098

11

I2 ML

13 DD (domain-decomposition method)
14 11.75661s 2

L5

16 | DD (domain-decomposition method )
LY L1, 779050s 2

l&

19 DD (domain-decomposition method )
20 942950 2

21

22 ‘DD (domain-decomposition method)
23 9.023550s 2

24

2o | DD (domain-decomposition method)

26 KILLED =531

2

25 | DD (domain -decomposition method )
249 148, 234950s 149

A0

21 | DD (domain-decomposition method )
32 142650418 149

33

A4 DD idomain-decomposition method)
A5 KILLED =801

36

A7 DD (domain -decomposition method )

S
34

i —

KILLED =932

8. 7022 5 144

Dt Y 4 55594 24

Seereration: Uncoupled
559004 6 b.Al06 s 9

Seeregation: MIS
H.081 3208 6 T2 14s 11

Aoereration: METIS

7990208 8 11429558 29
Aggregaliols PAIMBIIS
5.03104s 10 J.o0u] e 24

Seoreration: Uncoupled
EILLED =935 EILLED =1574

Arereration: Uncoupled
He 2ol 150 A5 72048 150

Seoreration: MIS
A5 62901 146

Seoreration: METIS
EILLED =1545 EILLED =26l&8

Arorecat
EILLED =1615

KILLED =23493

2595494 40

Smoother: Aztec
54955477 10

Smoother: Aztec
71098 14

Smoother: Aztec
14772198 434

smoother: Aztec
L3750 B 40

Smoother: GanssSeidel

Smoother: Jacokd
A4 5572 1s 150

smoother: Jacoki
44182087 145

Smoother: Jacob
EILLED =2700

Smoother: Jacokd
EILLED =2736

4 66193 6

Coarze tvpe: Amesos-E L1
A 80557 11

Coarse type: Amesos-K L1
407450z 17

Coarze tvpe: Ameaos-K LU
13264750 81

Coarse tvpe: Amesos-K L1
12. 16044 74

Coarse type: Amesos-K L1

Coarze tvpe: Ameaos-K LU
A BT 59 150

Coarse tvpe: Amesos-K L1
2141529 145

Coarse type: Amesos-K L1
EILLED =5191

Coarze tvpe: Ameaos-K L1
EILLED =547

10.516115s 145

4150290z 128

[ncreasing
123267 s 10

[necreasing
18,1537 50 187

[nereasing
1250500 157

[ncreasing
11.706 0 146

[necreasing

[nereasing

[ncreasing
1097410 150

[nereasing
EILLED =10566

[nereasing
EILLED =10351

4 905537z 249

Max Lewvel: 6
1.127558 21

Mazx Level: 6
1126249 21

Max Lewvel: 6
11.19006: 296

Max Lewvel: 6
11.9%1=s]1s 218

Mazx Lewvel: 6

Max Lewvel: 6
4 954658 146

Max Lewvel: 6
4 9594060 145

Mazx Level: 6
EILLED =22085

Max Lewvel: 6
EILLED =22315

Uncoupled + Aztec
0.158530s/21

Good performance

Smoother: GE

not recommeded

Smoother: Jacok

0. 002 00shbs

[ncreasing perfromance with Procs

not recommended




1D Parallelization(2): More

* Best performance found in ML

* Domain-decomposition method

* Aggregation: Uncoupled
* Smoother: Aztec
* Coarse type: UMFPACK

5 solver terations against Mo, of Frocs

2ol *
¥— Fre-cond: 1lu
200 | = Fre-cond: ML

120t

100

sl

all 1l

No. of Cells: 5,000,000
Degree of freedom: 2

Solver Time/ No. of Iterations

No. of Procs |CG ML CG ilu

1 11.81769s/2 7.94730s/2

2 8.87170s/6 5.22223s/9

4 6.22301s/9 4.88893s/24

3 5.53356s5/10 4.79693s/40
16 2.91182s/11 4.66193s/68
32 1.33327s/10 4.130290s/128
64 0.72338s/12 4.908537s/249

“Can we do better?”




e Future Work



Future Work: 2D DG-FEM

* Implement parallelization on 2D DG-FEM

* Partition of Domain: Triangles
* Jump condition over Edges

Ip




Future Work: 2D DG-FEM

* Implement parallelization on 2D DG-FEM

/Auvd:r: — / V’U,-V’Uda:—/ (Vu-)vds
oS

* Weak form of FEM: /W —— / O

0O on
/f’vd:z?

* Bilinear Function of DG-FEM:

vds

ap(u,v) = Z (Vu,Vou)g— Z ( < {owu},|v] >., + < {00}, |ul >, ) < |ul, [v] >, )

KeETy e EER



Future Work: 2D DG-FEM

Uh (H:, “U) —

Z (Vu,Vo)g— Z ( <A{owu},|v] >., + < {00}, |ul >,

KeT,

enEE

* Correctness given by showing

i (0,0) 2 ool Vo eV

where norm defined as

|v|

{ >

KeTy,

Vol %

o

=

< |ul, [v] >, )

1/2
h} ‘-



Future Work

e ...and on 3D DG-FEM

* Adaptive Meshing

e |ocal refinement

* Application e.g. Chemical Transport Equation
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